We use a flux-biased radio frequency superconducting quantum interference device (rf SQUID) with an embedded flux-biased direct current SQUID to generate strong resonant and nonresonant tunable interactions between a phase qubit and a lumped-element resonator. The rf SQUID creates a tunable magnetic susceptibility between the qubit and resonator providing resonant coupling strengths from zero to near the ultrastrong coupling regime. By modulating the magnetic susceptibility, nonresonant parametric coupling achieves rates > 100 MHz. Nonlinearity of the magnetic susceptibility also leads to parametric coupling at the subharmonics of the qubit-resonator detuning. DOI: 10.1103/PhysRevLett.112.123601 PACS numbers: 42.50.Pq, 03.65.−w, 03.67.Lx, 85.25.−j The need to develop robust schemes for controlling qubit-qubit and qubit-cavity bus interactions is generic to all physical approaches for implementing a large scale quantum information processor or quantum simulators [1, 2] . With superconducting circuits [3] , the most widely used method of controllable coupling is with tunable qubits or cavities and with passive, static, "always-on" capacitive coupling [3] [4] [5] [6] . Interaction strengths are then controlled through the adjustable size of frequency detunings between the different resonant elements [6] [7] [8] [9] [10] . Although very simple and convenient for a small number of elements, the ability to provide sufficient detuning between all coupled elements becomes impractical when scaling to large numbers of qubits or cavities [11] . Additionally, it is difficult to selectively tune individual elements fast enough to avoid unwanted interactions from inevitably crossing resonant frequencies of spectator elements. Finally, simultaneously engineering an optimal performance and strong resonance conditions can be challenging [12] [13] [14] .
The need to develop robust schemes for controlling qubit-qubit and qubit-cavity bus interactions is generic to all physical approaches for implementing a large scale quantum information processor or quantum simulators [1, 2] . With superconducting circuits [3] , the most widely used method of controllable coupling is with tunable qubits or cavities and with passive, static, "always-on" capacitive coupling [3] [4] [5] [6] . Interaction strengths are then controlled through the adjustable size of frequency detunings between the different resonant elements [6] [7] [8] [9] [10] . Although very simple and convenient for a small number of elements, the ability to provide sufficient detuning between all coupled elements becomes impractical when scaling to large numbers of qubits or cavities [11] . Additionally, it is difficult to selectively tune individual elements fast enough to avoid unwanted interactions from inevitably crossing resonant frequencies of spectator elements. Finally, simultaneously engineering an optimal performance and strong resonance conditions can be challenging [12] [13] [14] .
One major advantage with superconducting circuit approaches is their ability to use Josephson junctions as flux-tunable inductors, not only for tunable qubits and cavities, but also for individual, tunable coupling elements [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . Experimental demonstrations began in the classical regime [18, 20, 22] , while quantum implementations [21, [23] [24] [25] [26] [27] have still relied on resonant interactions, without addressing the problem of optimal operating points. Other theoretical proposals [28] [29] [30] [31] [32] [33] and experiments [34] [35] [36] [37] [38] have introduced parametric interactions between nonresonant elements to solve this problem. Here the nonlinearity is provided by the qubits and includes some amount of always-on coupling. Further theoretical proposals have provided a unique solution to all the major problems discussed above, by providing parametric interactions through individual tunable coupling elements [12, [39] [40] [41] [42] . Early successful experiments were performed, but suffered from difficulties associated with fully integrating the coupler into both the qubits and their readout [13, 14] . Here, we discuss the use of an individual, standalone rf superconducting quantum interference device (SQUID)-type coupling element [15, 18, 20, 22, 24] that introduces negligible energy loss (see Supplemental Material, part V [43] ) and requires minimal or no modification to the qubit or cavity architecture. We have made three major advances in this Letter: (1) resonant coupling can be performed with rates ranging from zero to near ultrastrong values close to 10% of the resonant frequency, (2) nonresonant parametric coupling can be performed with rates > 100 MHz with an architecture that allows for the cancellation of static coupling, and (3) we have demonstrated a new multiphoton parametric coupling mechanism. All of the behavior observed agrees with theoretical predictions.
Shown in Fig. 1 , our circuit design consists of a phase qubit with geometric inductance L q , critical current I q0 , and shunt capacitance C q , which is inductively coupled to a rf SQUID loop through a mutual inductance M qc . The rf SQUID loop acts as a tunable coupler with geometric inductance L c , and two junctions, with critical currents, I c01 and I c02 , that form a dc SQUID that can modify the rf SQUID's properties. The geometric inductance of the dc SQUID is small enough to neglect in the following theoretical analysis. The rf SQUID is inductively coupled to a lumped-element resonator through a mutual inductance M cr . The resonator has a geometric inductance L r , capacitance C r , and resonant frequency ω r . The phase qubit [44] is controlled by a single flux-bias line that provides both dc and rf flux, φ q ¼ Φ q =Φ 0 (Φ 0 is the magnetic flux quantum). Qubit measurement is performed using a short (≈5 ns) pulse that induces tunneling of the jei state with probability P e , without appreciable tunneling of the jgi state [7] . The coupler is controlled by two external flux-bias lines. One line applies flux φ c ¼ Φ c =Φ 0 to the rf SQUID loop, while the other line applies flux, φ β ¼ Φ β =Φ 0 , to the embedded dc SQUID. The chip is mounted in a shielded box onto the mixing chamber of a cryogen-free dilution refrigerator with a base temperature T ¼ 11 mK.
The critical current I c0 of the embedded dc SQUID can be tuned by varying φ β [45] . The functional form is
where I AE ¼ I 01 AE I 02 is the sum and difference of the individual critical currents of the junctions comprising the dc SQUID. The circulating dc screening current in the rf SQUID is given by
where i c ¼ I c =I c0 ðφ β Þ is the normalized circulating coupler current, φ xc ¼ ðφ c þ M qc I q =Φ 0 Þ is the net external flux applied to the coupler, I q is the circulating current in the qubit inductor, and βðφ β Þ ¼ 2πL c I c0 ðφ β Þ=Φ 0 . Here βðφ β Þ < 1 so that the coupler circulating current is single valued [24, 25] . The coupler circulating current generates an effective mutual inductance between the qubit and resonator that is a function of both φ xc and φ β , given by
where M 0 ¼ M qc M cr =L c and χðφ xc ; φ β Þ is a linear, firstorder magnetic susceptibility between the qubit and resonator, given by
The effective mutual inductance implies a coupling between the qubit and resonator given by
where
, and g res is any residual direct coupling between the qubit and the resonator from either capacitive, inductive, or higher-order virtual-photon processes that access the coupler's own high frequency resonant modes [25, 41] . When φ xc ¼ n=2, for integer n, the linear susceptibility takes on the following φ β -dependent extrema:
We note some interesting features; χ max ðφ β Þ increases without bound as βðφ β Þ is tuned towards unity and χðφ xc ; φ β Þ can be both positive and negative (an additional "twist" in the coupler loop can also reverse its sign [26] ). This second feature provides a built-in mechanism to engineer the cancellation of any residual direct coupling g res regardless of its sign [25, 26] . This is not only important to ensure the resonant coupling strength can be tuned to g ¼ 0, resulting in a large "on/off ratio," but also for engineering optimal performance for nonresonant interactions, as discussed below. Near resonance, the interactions between the qubit and resonator are governed by the well-known JaynesCummings model [7] . In the rotating frame of the uncoupled qubit and resonator, the interaction Hamiltonian is
where Δ ¼ ω ge − ω r is the detuning of the qubit and resonator, ω ge ¼ ðE e − E g Þ=ℏ, and ω r is the resonator frequency. When the detuning becomes large relative to g, the time-dependent exponentials rotate rapidly, resulting in negligible interactions. For nonresonant interactions, if g is harmonically modulated in time at Δ to counter the exponentials, the interaction terms once again become stationary. This is the essence of parametric coupling. Physically, "pump photons" at frequency Δ, introduced into the system via the coupler, make up the energy difference between the qubit and resonator, allowing them to exchange energy. Next, we show that the nonlinearity of the coupling curve g 0 χðφ xc ; φ β Þ can also lead to a new parametric coupling condition at the subharmonics of Δ.
The coupling strength g is modified by modulating φ xc through the coupler bias,
where φ dc is a dc flux offset that sets the resonant coupling strength and δφ c is the amplitude of the rf modulation. For δφ c ≪ 1, gðtÞ can be found by Taylor expanding Eq. (5) in φ xc to get
where χ ðnÞ φ dc is the nth derivative of χðφ xc ; φ β Þ with respect to φ xc , evaluated at φ xc ¼ φ dc . Note that χ ðnÞ φ dc is a function of φ β . Equation (10) implies that multiphoton parametric interactions are predicted at pump frequencies such that nω p ¼ Δ. The lowest-order n-photon interaction is (discarding counterrotating terms)
The higher-order terms lead to saturation of the coupl.ing strength when the pump amplitude becomes large. From Eq. (11), we see that the overall coupling strength in the nphoton parametric case is governed by both δφ xc and the derivative χ ðnÞ φ dc . Figure 2 (a) shows a plot of χðφ xc ; φ β Þ for various βðφ β Þ. As mentioned, χ max ðφ β Þ increases with increasing βðφ β Þ, but χ ðnÞ φ dc also considerably increases with βðφ β Þ at operating points near φ xc ¼ AE0.5. Notice that through careful design, it should be possible to engineer g res in such a way to offset the static coupling curve gðφ xc ; φ β Þ, so that zero static coupling occurs near φ xc ¼ AE0.5, where χ ðnÞ φ dc ≫ 1. Operating here ensures g ¼ 0 when the pump is off, allowing an extremely large on/off ratio for nonresonant interactions, even for small Δ's (see Supplemental Material, part IV [43] ). In the experimental results described below, we did not perform this further optimization, but chose to investigate the largest possible coupling strengths with our existing circuit.
First, we measure the coupler's circulating current I c as a function of φ xc (as described in Ref. [25] and Supplemental Material, part II [43] ) for various βðφ β Þ. Next, we experimentally map out χðφ xc ; φ β Þ by measuring resonant coupling rates 2g as a function of φ xc and φ β . This is achieved through spectroscopically observing the splitting of the coupled qubit and resonator modes [25] . The resonator's frequency is ω r =2π ≈ 7.2 GHz and modulates slightly with φ xc as discussed in [25] . Several spectroscopies are taken as a function of φ xc to map out coupling rates for the fixed rf SQUID critical current. The critical current is then modified by changing φ β and the whole process is repeated. Figure 2(b) is a plot of measured resonant coupling rates as a function of φ xc for different rf SQUID critical currents. The maximum coupling rate shown is 2g=2π ¼ 482 MHz, approaching the ultrastrong coupling regime, with 2g=ω r ≈ 7% [46] [47] [48] . Mode splittings with 2g=2π > 500 MHz were also observed with this device, but due to the resonator's close proximity to the qubit's minimum operating frequency, the data were difficult to fit reliably. A device designed with a higher resonator frequency would allow more quantitative measurements in the ultrastrong coupling regime. Without performing an exhaustive search, the minimum resonant coupling rate measured with this device was 2g min =2π ¼ 6 MHz, still visible within the qubit linewidth of about 7 MHz, providing a lower bound for the on/off ratio of approximately 80. We determined 2g res =2π ≈ 10 MHz and 2g 0 χ min =2π ≈ −25 MHz, ensuring that the coupling strength passes through zero, as seen in similar devices [25] (see Supplemental Material, part III [43] ).
Once the resonant coupling curves are measured, nonresonant parametric interactions can be probed by setting the coupler to an operating point where the modulation in g with φ xc is appreciable [see Fig. 2(b) ]. The qubit is detuned from the resonator by an amount Δ and a pump tone of amplitude δφ c and frequency ω p is applied to φ c in addition to the dc offset. The frequency of the pump tone is swept. Qubit spectroscopy is then measured as a function of ω p and δφ xc ¼ δφ c . For a given δφ xc , mode splitting is observed when ω p ¼ Δ, indicating parametric interactions between the qubit and the resonator. Figure 3 shows a typical case. The qubit and resonator are detuned by Δ=2π ¼ 429 MHz. The coupler is biased with dc flux offsets, φ xc ¼ −0.527 and βðφ β Þ ¼ 0.81, corresponding to the red curve in Fig. 2(b) . The applied pump power to the coupler coil is −58 dBm. Notice that we also find mode splitting at subharmonics, ω p ¼ Δ=2. This is the result of the n-photon process described above, where n ¼ 2 photons at half the detuning frequency are upconverted to a single resonant pump photon. Depending on the operating conditions, n ¼ 3 and n ¼ 4 photon events were also observed with this sample, but were too small to present quantitatively (see Supplemental Material, part VI [43] for an example). Included in Fig. 3 are theory fits of the coupled-mode frequencies along with asymptotes that obey the linear relation ω ¼ ω r − nω p , where ω r is the resonator frequency, ω p is the pump frequency, and n is number of photons absorbed.
In Fig. 4 , we plot the resulting mode splittings from the n ¼ 1 and n ¼ 2 photon processes for βðφ β Þ ¼ 0.81 (red curves) and βðφ β Þ ¼ 0.86 (blue curves). For each βðφ β Þ, we increase the pump power to investigate the power dependence of the splittings. For the theoretical predictions, we use only the lowest-order terms from the expansion of Eq. (10), the slopes χ ð1Þ φ dc and χ ð2Þ φ dc from numerically fitting the data shown in Fig. 2(b) , and a single fit parameter for each curve δφ xc reported along with the corresponding drive powers in Fig. 4 . To test the validity of these fits, we used a network analyzer to independently measure the available power at the input of the sample box in order to infer the expected rf flux applied to the rf SQUID loop. For example, when βðφ β Þ ¼ 0.86 and ω p =2π ¼ 429 MHz, a generator input power of −62 dBm provided a rf current δI b ≈ 10 μA to the bias coil. From the Φ 0 periodicity of the rf SQUID circulating current, we measured the mutual inductance between the bias coil and rf SQUID loop to be M cb ¼ 1.72 pH. Thus, the expected flux applied to the rf SQUID loop is δφ xc Φ 0 ¼ M cb δI b ≈ 8.3 mΦ 0 , which agrees well with the corresponding fit value shown in Fig. 4(a) . At lower powers, the lowest-order theory fits the data nicely. At higher powers, the coupling rate saturates, causing the data to significantly deviate from the lowestorder expansion term, as expected. The largest n ¼ 1 parametric coupling rate observed was 2g=2π ¼ 135 MHz [shown in Fig. 4(a) ]. For the parametric case, the on/off ratio can be limited by photon leakage through the pump's pulse gate, where 40 dB isolation leads to an on/ off ratio of 100. In our case, we were mostly limited by a small Δ combined with a large static g at the chosen operating points, giving a maximum on/off ratio of 51. This can easily be increased by over an order of magnitude by increasing Δ, dynamically shifting the static coupling strength to g ¼ 0, or through design improvements (see Supplemental Material, part IV [43] ).
In summary, the rf SQUID coupler provides dynamic control over both resonant and nonresonant interactions. Both modes of operation rely on the dependence of the magnetic susceptibility between the qubit and resonator as a function of φ xc and φ β . By tuning the critical current of the embedded dc SQUID, we control the maximum of the magnetic susceptibility, leading to resonant coupling rates approaching the ultrastrong coupling regime. The dependence of the magnetic susceptibility curve on φ xc can be exploited to induce strong, nonresonant coupling by parametric modulation at the qubit-resonator difference frequency or subharmonics. Parametric coupling rates exceeding 100 MHz are possible. Future work will reduce dielectric losses, increase lifetimes, and explore parametric interactions at the sum frequency (or blue-sideband, familiar in trapped-ion systems), ω p ¼ ω ge þ ω r . This coupler is well suited for nonextended, nearest neighbor tunable coupling, generically important for constructing coupledmode systems ubiquitous in physics, useful for both quantum information architectures and quantum simulators.
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